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Abstract 
In this paper, the geometry of contact pseudo-slant submanifolds of a (κ, µ) −contact metric manifold have been studied. 

The necessary and sufficient conditions for a submanifolds to be a contact pseudo- slant submanifolds of a  

(κ, µ) −contact metric manifold are given. 
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1. Introduction 

 

Because slant submanifolds are known to generalize 

invariant and anti-invariant submanifolds, many 

geometrs have expressed an interest in this research. 

Chen [8], [9]  started this research on complex 

manifolds. Lotta[17] introduced slant immersions in 

an almost contact metric manifold. Carriezo defined 

a new class of submanifolds known as hemi-slant 

submanifolds (Also known as anti-slant or pseudo-

slant submanifolds) [6] . The contact version of a 

pseudo-slant submanifold in a Sasakian manifold was 

then defined and studied by V. A. Khan and M. A. 

Khan. [13]. Later many geometers like ([10], [11], 

[12], [14], [16]) studied pseudo-slant submanifolds 

on various manifolds. Recently, M. Atçeken and S. 

Dirik studied contact pseudo-slant submanifold on 

various manifolds ([1],[11],[12]). Recently studied; 

Venkatesha, Srikantha N and siddesha M. S. On 

pseudo-slant submanifolds of (κ, µ)−contact space 

forms and found some results [22]. 
 

In the light of the above studies, our article, the 

following is how this paper is structured: Section 2 

includes some fundamental formulas and definitions 

of the (κ, µ)−contact metric manifold and it is 

submanifolds. Section 3 we review some definitions 

and proves some basic results on the contact pseudo-

slant submanifolds of the (κ, µ)−contact metric 

manifold. The final section looks at the totally 

umbilical contact pseudo-slant in (κ, µ)-contact 

metric manifolds. 

 

A smooth (2n+1)-dimensional manifold 𝑀̃ is said to 

be contact manifold if it has a global 1-form η 

satisfies η Ʌ (dη)𝑚 = 0 everywhere on 𝑀̃. And a 

(2n+1)−dimensional almost contact manifold with 

almost contact structure (, ξ, η) made up of a (1,1) 

tensör field, a global 1−form and a characteristic 

vector field ξ satisfies [2], [3]. 

 

   2X = −X + (X)                                     (1) 

() = 1,    =  0, (X) =  0                (2) 

 

for all vector field X on 𝑀̃. 

 

Let g be the compatible Riemannian metric with 

almost contact structure (, ξ, η) such that 

 

g(X,Y) =  g(X, Y)–  η(X)η(Y)                (3) 

g(X, Y) = − g(X,Y),   g(X, ) =  η(X)    (4) 

 

for all vector field X, Y on 𝑀̃. Then 𝑀̃ equipped with 

an almost contact metric structure (𝜑, ξ, η, g) is 

referred to as an almost contact metric manifold. 

Let 𝜓 be the fundamental 2-form on 𝑀̃ defined by 

ψ(X, Y) = g(X,Y) if  ψ = d almost contact metric 

structure transform into a contact metric structure 

transform into a contact metric structure. 

 

In  a contact metric manifold 𝑀̃, we known that the 

symmetric tensör h, defined by 2ℎ = ℒ, satisfied 

the following [2 ], where 𝓛 denotes the Lie 
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differentiation. 

 

ℎ + ℎ = 0, ℎ = 0, tr(ℎ) =  tr(ℎ) = 0   (5) 

 

a contact metric manifold is a type of contact metric 

manifold. If the structural vector field  belongs to 

the (k,µ) nullity distribution defined by [3], M is said 

to be a (k,µ) contact metric manifold. 

 

𝑀̃ (κ, µ): p → 𝑀̃ P(κ, µ) = {W ∈ T𝑃𝑀̃: 𝑅̃(X, Y)W
= 𝜅[g(Y, W)X − g(X, W)Y]
+ µ[g(Y, W)hX − g(X, W)hY]}  

 

for all X, Y on 𝑀̃. Where  𝜅, µ are contants. We 

known that 𝑀̃ exists in a (κ, µ) −contact metric 

manifold. 

 

h2  = (κ − 1)2 and therefore 𝜅 ≤ 1. If 𝜅=1 then 𝑀̃ 

becomes a Sasakian manifold. Moreover for a 

(κ, µ)−contact metric manifold 𝑀̃ of dimensional 

(2m+1) and for all X,Y∈Γ(𝑇𝑀̃), we have [2]. 

 

(̃X)Y = g(X + hX, Y) − (Y)(X +  hX)    (6) 

where ̃ denotes the Riemannian connection with 

respect to g. From (6), taking instead of  

 

̃X = −X − hX                           (7) 

 

Let M be a submanifold of a contact metric manifold 
𝑀̃ whit the same symbol g for the induced metric. 

Them the Gauss and Weingorteen formulae are given 

by; 

 

̃XY = XY + (X, Y)                           (8) 

̃XV = −AVX + 𝑋
V                            (9) 

 

where  and  are induced connections on the 

tangent bundle 𝑇𝑀 and T𝑀 of M respectively,  

and  AV are the second fundamental form and the 

shape operator with respect to V respectively. Then 

the shape operator AV and the second fundamental 

form  are in9)terconnected by; 

 

g(AVX, Y) =  𝑔((X, Y), V)                    (10) 

 

for all X,Y∈Γ(𝑇𝑀) and V∈(T𝑀). 

The mean curvature vector H of M is given by; 

 

𝐻 =  
𝑡𝑟()

𝑟
=  

1

𝑟
 ∑ (ei, ei) 𝑟

𝑖=1                  (11) 

where r is the dimension of M and {e1, e2, , , er} is the 

local orthonormal frame of M. 

 If a submanifold is totally umbilical, it is said 

to be totally umbilical. 

(𝑋, 𝑌) = g(𝑋, 𝑌)𝐻                     (12) 

 

 If (𝑋, 𝑌) = 0, a submanifold is said  to be 

totally geodesic, where for all  X,Y∈Γ(𝑇𝑀). 

 If H = 0, a submanifold is said  to be minimal. 

 

Contact Pseudo-Slant Submanifolds of a (𝐤, µ) 

−Contact Metric Manifold 

Let M be a submanifold of a (κ, µ) –contact metric 

manifold 𝑀̃. Then for any  X∈Γ(𝑇𝑀), we can write; 

 

X = EX + FX                         (13) 

 

where EX is the tangent component and FX is the 

normal component of X. 

 

Also, for any V∈(T𝑀), V can be written in the 

following way; 

 

V = BV + CV,                      (14) 

 

where BV and CV are also the tangent and normal 

component of V, respectively. 

 

We can deduce from (13) and (14) that the tensor 

field, E, F, B and C are also anti-symmetric because 

 is anti-symmetric. By using (1), (13) and (14), we 

obtain; 

 

E2 + BF = −I + o,    FE + CF = 0       (15) 

C2  = −I − FB,    EB + BC = 0           (16) 

 

Furthermore, we can deduce from (4), (13) and (14) 

that E and C are skew symmetric tensor fields. 

 

𝑔(EX, Y) = −g(X, EY)                   (17) 

𝑔(CX, Y) = −g(X, CY)                   (18) 

 

Also, we can optein relation between F and B as; 

 

𝑔(FX, V) = −g(X, BV)                  (19) 

 

for all X,Y∈Γ(𝑇𝑀) and V∈(T𝑀). 

Also defined are the covariant derivatives of the 

tensor fields E, F, B, and C. 

 
(XE)Y = XEY − EXY,                         (20) 

(XF)Y = 𝑋
FY − FXY                         (21) 

(XB)V = XBV − B𝑋
V                        (22) 

and 

(XC)V = 𝑋
CV − C𝑋

𝑉                        (23) 

 

The covariant derivative of , ̃ can be defined by 

(̃X)Y = ̃XY − ̃X𝑌 
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for all X,Y∈Γ(𝑇𝑀) and V∈(T𝑀). Where ̃ is the 

Riemannian connection on 𝑀̃. 
 

Lemma: Let M be a submanifold of a (κ, µ)) –

contact metric manifold 𝑀̃. Then; 

 

(XE)Y = AFYX + B(𝑋, 𝑌) + g(hX, Y) −
                        (Y)(X + hX)                            (24) 

(XF)Y = C(X, Y) − (𝑋, 𝐸𝑌)                (25) 
(XB)V = ACVX − EAVX                     (26) 

(XC)V = −(𝑋, 𝐵𝑉) − 𝐹A𝑉X              (27) 

 

for all X,Y∈Γ(𝑇𝑀) and V∈(T𝑀). 

Using (5), (6), (7), and (8), we have that  is tangent 

to M. 

X = −EX − EℎX,                       (28) 

(𝑋, ) = −𝐹𝑋 − 𝐹ℎ𝑋                    (29) 

 

for all X∈Γ(𝑇𝑀). 
Let us  some definitions of classes submanifolds.  

 If F is identically zero in (13), then the 

submanifold is invariant, i.e., X∈Γ(𝑇𝑀), 

ⱯX∈Γ(𝑇𝑀). 

 If E is identically zero in (13), then the 

submanifold is anti-invariant, i.e., X∈Γ(T𝑀), 

ⱯX∈Γ(𝑇𝑀). 

 İf there is a constant angle  𝜃 ∈[0, 
𝜋

2
 ] between 

X and 𝑇𝑀 for all nonzero vector X tangent to 

M at X, the manifold is called slant. 

 If there are distribution Dθ, D, is there a contact 

pseudo-slant submanifold. Such that 

1)  orthogonal direct composition is allowed 

in 

                      TM = D⊕ D𝜃, ξ ∈ 𝐷𝜃 

2) D𝜃 is slant distribution with slant angle , 

𝜃 =  
𝜋

2
 

3) Dis an anti-invariant distribution[ 13]. 

 

We can see from the definitions that a slant 

submanifold is a generalization of invariant (if 𝜃 =

 0)  and anti-invariant (if 𝜃 =  
𝜋

2
) submanifolds.  

A proper slant submanifold is submanifold that is 

neither invaryant non anti invariant i. e., (𝜃 =  
𝜋

2
). 

As a result, the following theorem characterized slant 

submanifolds of almost contact metric manifold in 

general; 

 

Theorem 1: [5] Let M be a slant submanifolds of an 

almost contact metric manifold 𝑀̃ such that  ∈ 

Γ(TM), then, M is slant submanifold if and only if 

there exist a constant λ ∈ [0, 1]  such taht 

 

𝐸2 = −λ(I − η )                           (30) 

furthermore, in this case, if 𝜃 is the slant angle of M. 

Then it satisfies λ =  cos2𝜃.  

 

Corollary1 : [5] Let M be a slant submanifolds of an 

almost contact metric manifold 𝑀̃. Then for all X, Y 

∈ Γ(𝑇𝑀) we have; 

 

𝑔(𝐸𝑋, 𝐸Y) = cos2θ{𝑔(𝑋, 𝑌) − (X)(Y)} (31) 

𝑔(𝐹𝑋, 𝐹Y) = sin2θ{𝑔(𝑋, 𝑌) − (X)(Y)}. (32) 

 

If we denote the orthogonal complementary of 𝜑𝑇𝑀 

in T𝑀 by 𝜈, then the normal bundle T𝑀 can be 

decomposed as follows; 

 

    TM = FDθ ⊕ FD ⊕ ν,                 FDθFD.  
 

From the above decomposition one can see that 

𝑔(𝑋, 𝑌) = 0, for all  X ∈ Γ(Dθ) and Y ∈ Γ(D). 

And thus 𝑔(𝑋,𝑌) = 𝑔(𝑋, 𝐹𝑌) = 𝑔(𝐹𝑋, 𝐹𝑌) =
𝑔(𝑋, 𝑌) = 0. 

 

We also known that  B(𝑋, 𝑌) = 0, thus (24) reduces 

to 
(XE)Y = g(X + hX, Y) − (Y)(X + hX)    (33) 

 

for all X, Y ∈Dθ. 

As a result, if the ambient manifold M is (κ, µ)-

contact metric manifold, the induced structure E is a 
(κ, µ)-contact metric structure on M. 

 

Definition 1 : A contact pseudo-slant submanifold M 

of a (κ, µ)-contact metric manifold  𝑀̃  is said to be 

mixed-geodesic submanifold if (𝑋, 𝑌) = 0 for all X 

∈Γ(Dθ) and  Y ∈ Γ(D). 

 

Theorem 2. Let M be proper contact pseudo-slant 

submanifold of a(κ, µ)-contact metric manifold 𝑀̃. If 
B is parallel, then M is either mixsed geodesic or 

anti-invariant submanifold. 

 

Proof: For all X ∈ Γ(Dθ) and Y ∈ Γ(D), from (25) 

and (26) B parallel if and only  if F parallel, so 

F = 0 
This implies  

 

C (𝑋, 𝑌) − (𝑋, 𝐸𝑌) = 0 
Replacing X by EX in the above equation, we have; 

 

C (𝐸𝑋, 𝑌) − (𝐸𝑋, 𝐸𝑌) = 0 
 

for Y ∈ Γ(D), EY=0. Hence 

 

C (𝐸𝑋, 𝑌) = 0 



Journal of Engineering Research and Applied Science Volume 11 (2), December 2022, pp 2171-2177 

1613 

Dirik et al  / The Geometry of Contact Pseudo-Slant Submanifolds of a (κ, µ) −Contact Metric Manifold 
2174 

 

Replacing X by EX in the above equation we get 

 

C (E2𝑋, 𝑌) = −𝐶 cos2θ(X, Y) = 0 

 

Hence we have either (X, Y) = 0  (M is mixed 

geodesic) or 𝜃 =  
𝜋

2
 (M is anti-invariant). 

 

Theorem 3. Let M be a contact pseudo-slant 

submanifold of a (κ, µ) −contact metric manifold 𝑀̃. 
If F is parallel, on Dθ, then either M is a Dθ-geodesic 

submanifold or (X, Y) is an eigen vector of  𝐸2  

with eigen values − 𝑐𝑜𝑠2𝜃, for all X, Y ∈ Γ(Dθ). 

 

Proof: For all X, Y ∈ Γ(Dθ), from( 25 ), we have  

 

C (𝑋, 𝑌) − (𝑋, 𝐸𝑌) = 0                           (34) 

 

on the other hand, since Dθ is slant, we have; 

 

C (𝑋, 𝑌 − η(Y)) − (𝑋, 𝐸𝑌) = 0  
that is 

C (𝑋, 𝑌 − η(Y)) = (𝑋, 𝐸𝑌)               (35) 

 

Now applying C to (35), we obtain  

 

C2 (𝑋, 𝑌 − η(Y)) = 𝐶(𝑋, 𝐸𝑌)           (36) 

 

by interchanging of Y and EY in (34), we get 

 

(𝑋, 𝐸2𝑌) = C(𝑋, 𝐸𝑌)                       (37) 

 

Hence, using (30), (36) and (37) we obtain; 

   C2 (𝑋, 𝑌 − η(Y)) = 𝐶(𝑋, 𝐸𝑌) = (𝑋, 𝐸2𝑌) =
− 𝑐𝑜𝑠2𝜃 (𝑋, 𝑌 − η(Y)).  
This implies that  wanishes on Dθ or  is eigen 

vector of  C2 with eigenvalues = − 𝑐𝑜𝑠2𝜃. 
 

Theorem 4. Let M be a  contact pseudo-slant 

submanifold of a (κ, µ) −contact metric manifold 𝑀̃. 
Then anti-invariant distribution D is always  

integrable. 

 

Proof: For all Z, W ∈ Γ(D), from (6), we have  

(̃Z)W = g(Z + hZ, W) − (W)(Z +  hZ) 

= g(Z + hZ, W) . 

 

By using (8), (9) , (13) and (14), we have 

 

̃ZW − ̃ZW − g(Z + hZ, W) = 0 

 

̃ZFW − (ZW + (𝑍, 𝑊)) − g(Z + hZ, W) = 0 
 

−AFWZ + 𝑍
W − EZW − FZW −  B(𝑍, 𝑊)

− C(𝑍, 𝑊) − g(Z + hZ, W) = 0 
 

Comparing the tangent companents, we have; 

 

−AFWZ − EZW −  B(𝑍, 𝑊)g(Z + hZ, W) = 0  
(38) 

interchangin Z and W, we get 

 

−AFZW − EWZ −  B(𝑊, 𝑍) − g(W + hW, Z) =
0            (39) 

 

Subtracting equation (39) from (38) and using the 

fact that  and h are symmetric , we get; 

 

AFWZ − AFZW + E[ZW − WZ] = 0 

AFWZ − AFZW + E[𝑍, 𝑊] = 0 
 

E[𝑊, 𝑍] = AFWZ − AFZW                 (40) 

 

On the other hand, for all U ∈ Γ(𝑇𝑀). By using (6), 

(8) (9) and (10), we have; 

 

g(AFWZ − AFZW, U) = 𝑔((Z, U), FW) −
𝑔((𝑊, 𝑈), 𝐹𝑍 = 𝑔((Z, U), FW) − 𝑔(̃UW, 𝐹𝑍) 

= 𝑔((Z, U), FW) + 𝑔(̃UW, 𝑍) 

= 𝑔((Z, U), FW) + 𝑔(̃UW − (̃U)𝑊, 𝑍) 

= 𝑔((Z, U), FW) + 𝑔(−AFWU + 𝑈
FW, 𝑍)

− g(g(U + Hu, W), Z)
= 𝑔((Z, U), FW) − 𝑔(AFWU, 𝑍)
= 𝑔((Z, U), FW) 

 𝑔((Z, U), FW) = 0  
Here 

AFWz = AFZW. 
 

From (40), E[𝑊, 𝑍] = 0 notice that D is integrable 

if [𝑊, 𝑍] ∈  Γ(D). D is anti-invariant. i. e. D ⊆
T𝑀 so EZ=0, EW=0 and   E[𝑊, 𝑍] = 0. 

 

Theorem 5. Let M be a contact pseudo-slant 

submanifold of a (κ, µ) −contact metric manifold 𝑀̃.  
Then the slant distribution Dθ is integrable if and 

only if 

P1{XEY − AFYX − EYX −  B(𝑋, 𝑌)
+ (Y)(X +  hX)} = 0 

for all X, Y ∈ Γ(Dθ). 

 

Proof: We denote by P1 the projection on D. For all 

X, Y ∈ Γ(Dθ) from (6), we have; 

 

(̃X)Y = g(X + hX, Y) − (Y)(X +  hX) 

 

On applying (8), (9), (13) and (14), we get 
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̃XY − ̃XY − g(X + hX, Y) + (Y)(X +  hX)
= 0 

 

̃XEY + ̃XFY − (XY + (𝑋, 𝑌)) − g(X + hX, Y)

+ (Y)(X +  hX) = 0 
 

   XEY + (𝑋, 𝐸𝑌) − AFYX + 𝑋
FY − EXY −

 FXY − B(𝑋, 𝑌) −C(𝑋, 𝑌) − g(X + hX, Y) +
(Y)(X +  hX) = 0 

 

Comparig the tangential components; 

   XEY − AFYX − EXY −  B(𝑋, 𝑌) −
g(X + hX, Y) + (Y)(X +  hX) = 0 

 

XEY − AFYX − EYX + EYX − EXY −  B(𝑋, 𝑌)
− g(X + hX, Y) + (Y)(X +  hX)
= 0 

 𝐸[𝑋, 𝑌] = XEY − AFYX − EYX −  B(𝑋, 𝑌) −
g(X + hX, Y) + (Y)(X +  hX)(41) 

 

Hence applying P1 to both sider of (41) equation, we 

conclude our theorem for all X, Y ∈ Γ(Dθ), [X, Y] ∈ 

Γ(Dθ), so P1𝐸[X, Y]=0. 

 

Theorem 6. Let M be a totally umbilical contact 

pseudo-slant submanifold of a (κ, µ) −contact metric 

manifold 𝑀̃.  Then at least one of the following 

satements is true. 

1- M is proper contact pseudo-slant 

submanifold. 

2- H ∈ Γ(𝜈). 

3- Dim (D) = 1. 
Proof: Let X ∈ Γ(D) and using (6), we obtain  

(̃X)X = g(X + hX, X) − (X)(X +  hX) 

 

On applying (8), (9), (13) and (14), we get; 

̃XFX − (XX + (𝑋, 𝑋)) − g(X + hX, X) = 0 

−AFXX + 𝑋
FX −  FXX − B(𝑋, 𝑋) − C(𝑋, 𝑋)
− g(X + hX, X) = 0 

 

Comparig the tangential components 

 

−AFXX + B(𝑋, 𝑋) + g(X + hX, X) = 0 
 

Taking the product by W ∈ Γ(D) ,we obtain 

 

g(AFXX, W) + g(B(𝑋, 𝑋), 𝑊) = 0 

 

Since M is totally umbilical submanifold, we obtain 

 

g(AFXW, X) + g(B(𝑋, 𝑋), 𝑊) = 0 

 

g((𝑊, 𝑋), 𝐹𝑋) − g((𝑋, 𝑋), 𝐹𝑊) = 0 

 

g(𝑊, 𝑋)g(𝐻, 𝐹𝑋) − g(𝑋, 𝑋)g(𝐻, 𝐹𝑊) = 0 
 

g(𝑋, 𝑋)g(𝐵𝐻, 𝑊) − g(𝑊, 𝑋)g(𝐵𝐻, 𝑋) = 0 
that is 

 

g(𝐵𝐻, 𝑊)X − g(𝐵𝐻, 𝑋)𝑊 = 0 

 

Here BH is either zero or X and W are linearly 

dependent vector fields. If BH ≠ 0, than dim (D) =
1. Othervise H ∈ Γ(µ). Since Dθ ≠  0 M is contact 

pseudo-slant submanifold. Since θ ≠  0 and d1d2 ≠
 0 proper contact pseudo-slant submanifold. 
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