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Abstract

In this paper, we investigate the submersions of generic submanifolds of a para Kenmotsu manifold onto almost
contact manifold. We also obtain the decomposition theorems for such submersions and derive the relation between

curvatures.
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1. Introduction

Para complex geometry is the geometry which is
related to the algebra of para complex numbers [2].
The para complex structures is defined on a smooth
manifold M with the endomorphism j2 = I such that
the 1-eigen distributions are integrable and has the
same dimension. There are some differences between
para complex geometry and complex geometry. The
product of two manifolds of the same dimension is
the natural example of para complex manifold .
These manifolds also have some applications in
physics, they are related to supersymmetric field
theories with Euclidean space time.

In 1985Willams and Kaneyuki studied the almost
para-contact  structure on  (2n+1)-dimensional
pseudo-Riemannian manifold M and showed the
almost paracomplex structure on the product
manifold ofM and real line R [3]. Also Zamkovoy
[19] studied an almost paracontact metric manifold
and their sub classes. Similar to contact manifolds
some classes of para-contact manifolds are defined
and this notion studied by geometers. One of them is
para-Kenmotsu manifolds. Some authors were
introduced para Kenmotsu manifold and generic
submanifolds [1,4,12,15,16,17,18].

One way to compare two manifolds is to define
smooth maps from one manifold to another. One of
these maps is submersion, the rank of the map is
equal to the dimension of the target manifold. An
isometric submersion is called a Riemannian
submersion.  Riemannian  submersion  between
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Riemannian submanifolds was first introduced by
O’Neill [8].

In 1981, Kobayashi [6] investigated submersion of
CR-submanifold of a Kaehler manifold onto almost
Hermitian manifold. After, Deshmekh et al. studied
properties curvature of this submersions [4]. In 1989,
Papaghuic [9] studied the submersion of generic
submanifolds of a Sasakian manifold. Submersion of
generic submanifolds of trans-Sasakian manifold
were studied by Shaid et al [11]. Moreover, there are
many papers about these subject in literatiire
[5,13,14].

In this paper, we study submersions of generic
submanifold of Kenmotsu manifold onto almost
contact manifold. We have been shown that in
submersion of a generic submanifold of a Kenmotsu
manifold onto an almost contact metric manifold, an
almost contact metric manifold is a Kenmotsu
manifold. Moreover, we investigated decomposition
theorems and curvature relation.

2. Preliminaries

Let M be a (2n+1)-dimensional differentiable
manifold endowed with a (¢,¢&,n,9), where ¢ is
(1,2)-tensor field, ¢ is a vector field, n is a 1-form,
and g is a pseudo-Riemannian metric. If for all
X,Y € T(TM) following conditions are satifeied then
M called almost para contact metric manifold:

P X =X-nX¢ 0@ =1 (1)
g(@X,pY) = gX,Y) —n(X)n(Y) 2
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The contact metric manifold M is called a para
Kenmotsu manifold if it satisfies the condition

(Vx)Y = g(9X, V)¢ —n(¥)pX 3)

for all X,YeT(TM) where V is Levi-Civita
connection on M.

Let M be an n-dimensional isometrically immersed
submanifold of para Kenmotsu manifold M and
tangent to & and suppose V (resp. V) be the covariant
differentiation with respect to the Levi-Civita
connection on M (resp. M). The Gauss and
Weingarten formulae for M are respectively given by

VyY = VY 4+ h(X,Y) 4)
and
VyN = —AyX + V&N (5)

for X,Y € (TM) ,N € T(T+M) , where h (resp. A)
is the second fundamental form (resp. tensor) of M in
M and V+ denotes the operator of the normal
connection. Moreover we have

The curvature tensor R of the submanifold M is
related to the curvature tensor R of M by the
following Gauss formula

R(X,Y,Z,W) =
RX,Y,Z,W) — g(h(Y,Z),h(X,W)) +
g(h(X,2),h(Y,W))  (7)

Definition 2.1. Let M be submanifold of para
Kenmotsu manifold M with characteristic vector & is
tangent to M. If the maximal invariant subspace
under ¢, orthogonal to & to T,,(M).
H, =T,(M) N @T,(M), x€M

defines a differentiable distribution of T,,(M), then M
is called generic submanifold of M.

For a generic submanifold M in a para Kenmotsu
manifold M, the orthogonal complementary

distribution H,* called the purely real distribution, if
it satisfies

H,1H*! TH,cH*
H, N @H,* = 0.

Let u, be the vector space of holomorphic normal
vectors to M at x, or simply the holomorphic normal

Sari / Submersions of Generic Submanifolds of a Para Kenmotsu Manifold

Volume 11 (2), December 2022, pp 2141-2146

space of M at x, i.e.,
Hx = Txl n (pTxl-

Then p, defines a differentiable vector subbundle of
T, M. It is easy to verify that
TM* = T(HY®p, tTM+ = H*
and
g(T(HY), 1) = 0.

A vector subbundle of u of the normal bundle TM*
is said to be parallel (in the normal bundle) if

V., U€Eu

forany X € T'(TM) and any local cross-section U in
u.

The projection of TM to H and H' are
denoted by P and F respectively i.e., for any X €
TM we have

©X = PX + FX (8)
The normal bundle to M has the decomposition
TiM = pH ®p.

Forany U € I'(T+M) , we put
U=pU+qU 9

where pU € T'(pH1), qU € T'(u). Making use of the
above equation, we may write

U = pU + qU, U €eT(T*M), ¢pU
€T(HY), ¢qU €T (w).

Now we determine Riemanniann submersion.
Let r: (M™, gy) = (B?, gg) be a submersion
between two Riemannian manifolds. Then m said to
be Riemannian submersion if

i)  has maximal rank

il) The diferantial m, preserves the lengths of
horizontal vector.

On the other hand, a Riemannian submersion

m: M — B determines tensor fields T and A on B
such that,

T(E,F) = TgF = hV,zVvF + vV, hF
A(E,F) = AgF = vVyzhF + hVpvF
forany E,F € I'(TM).

Moreover, [11] the curvature tensors R of the
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connection V, we have

RX,Y,V,W) = g((V,AX,Y),W)
+ g(AxV, AyW) —
g(AxW, AyV) — g(Ty X, TwY) + g(TwX, 7EV11(/)))

On the other hand, =1 (k) is an (n — b)-dimensional
submanifold of M, for each k € M. The
submanifolds 7~1(k) are called fibers. Moreover,
vector fields tangent to fibers are called vertical and
vector fields orthogonal to fibers are horizantal. A
vector field X on M is called basic if X is horizontal
and T, X, = X,’T*(q) forall g € M. We determine that

V and H define projections kerm, and (kerm,)*,
respectively.

Lemma 2.2. [10] Let X, Y be basic vector fields on
M. Then

(i) gXY)=g'X,.Y.) e,

(i) The component h([X,Y]) + n([X,Y])¢
of [X,Y] is a basic vector field and
corresponds to [X,,Y.], i.e.,

. (h([X,Y]) + n([X,YD¢ = [X., Y],
[U,X] € H* forany U € T(H'),
h(VxY) +n(VxY)E is a basic vector
field corresponding to V%Y, , where V*
denotes the Levi-Civita connection on B.

(i)
(iv)

For basic vector fields on M, we define the operator
V* corresponding to V* by setting VY =
h(VyY) +n(VxY)E for X,Y € T(H @ {&}). By (iv)
of lemma 2.1., VY is a basic vector field and we
have

m.(VxY) = Vi Y. . (11)

Define the tensor field C by

VyY =ViY +C(X,Y), X, Y€eT(H® Y
(12)

where C(X,Y) is the vertical part of VyY. It is
known that C is skew-symmetric and satisfies

CX,Y) = 3vIXY], XYETMHSED.
On the other hand, for any U,V € T'(HY) we have

VyV =Y,V +LUYV) (13)
where V,V = V(VyV) and L(U,V) = H(VyX).
Furthermore, for vertical vector VV and horizantal
vector X, we get
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Let X be basic vector. Then, it is [V, X] € T(H1) for
vV eT(HY).
Hence we have
H(VyX) = H(VyV) = AyV.
Moreover for V € T'(H') and basic vector X, we get
VX = AyV + T X

Finally, the operator 7" and L related by

The curvature tensors R, R* of the connection V, V*
on M and B respectively related by

R(X,Y,Z,W)
= R*(X*; Y*: Z*: VV*)
-g(c,2),cx,w))
+g(C(X,2),C(Y,W)) +
29(C(X,Y),C(Z,W)) (15)

where X,Y,Z,W €eT(H & {¢}), n.X = X,, m.Y =
Y,, m.Z =Z,and m,W = W, € I(TB)

3. Submersions of Generic Submanifolds of a Para
Kenmotsu Manifold

Definition 3.1. Let M be a generic submanifold of a
para Kenmotsu manifold M and B be an almost
contact metric manifold with the almost contact
metric structure (¢',&',n",g"). Assume that there is
a submersion  : M — B such that
(i) H* = kerm, ,wheremr, : TM — TB is
the tangent mapping to m,
(i) m,: Hy ®©{} — Tr»B is an isometry
for each p € M which satisfies , o ¢ =

!

¢ om in=n"om; m(&) = Sngpy
where T,y B denotes the tangent space
of B at m(p).

Proposition 3.2. Let m:(M,gy) = (B,gg) be a
submersion of generic submanifold of a para
Kenmotsu manifold M onto an almost contact metric
manifold B. Then we have

CX,@Y) =PC(X,Y) + th(X,Y),
h(X, oY) =FCX,Y) + fh(X,Y)
for any X,Y € I'(H).
Proof. For all X,Y € T'(H) using (3) and (4) we have
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9(@X,Y)§ —n(Y)eX.
Then, using (12) we have

VioY + C(X,@Y) + h(X, @Y)
= VY + PC(X,Y) + FC(X,Y)
+ g(PX,Y)¢ + g(FX, V)¢
—n(Y)PX —n(Y)FX

Comparing components on both sides in the above
equation, we get the required results.

Corollary 3.3. Let m:M — B be a submersion of
generic submanifold of a para Kenmotsu manifold M
onto an almost contact metric manifold.Then we
have

CX,pY) + h(X,9Y) = pC(X,Y) + ph(X,Y)
for any X,Y € I'(H).

Theorem 3.4. Let m:(M,gy) —» (B,gg) be a
submersion of generic submanifold of a para
Kenmotsu manifold M onto an almost contact metric
manifold B. Then we have
L(V,PW) = H (ApwV) = @L(V,W) (16)
Vo PW — V(ApyV)
=PV, W + h(V,W) + g(PV,W)&
—n(W)PV

h(V,PW) + V3 FW
= FV,W + fh(V,W) —n(W)FW

forall v,w € I'(H').
Proof. For all V,W € I'(H%), using (3) and (8) we
have

n(W)eV.

Moreover, for (4) and (5) we get

VyPW + h(V,PW) + (—Apy V) + Vg FW
= @(VyW + h(V,W))
+ g(PV,W)E + g(FV,W)&
—nW)PV —n(W)FV

Then using (13) we have

VyPW + L(V,PW) + h(V,PW) — H (Ary V)
+ Vo FW — V(Apy V)
= o(VyW + L(V,W) + h(V,W)
+ g(PV,W)§ —n(W)PV

Sari / Submersions of Generic Submanifolds of a Para Kenmotsu Manifold

Volume 11 (2), December 2022, pp 2141-2146

Finally, for (8) we obtain

VyPW + L(V,PW) + h(V,PW) — H (Apry V)
+ VEFW = V(ApyV)
=PV, W + h(V,W) + oV, W
+ @L(V,W) + @h(V,W)
+og(PV,W)¢ — on(W)PV
+ FV,W + fR(V,W) — n(W)FW

Comparing components of horizantal and vertical on
both sides in the above equation, we get the required
results.

Theorem 3.5. Let m:(M,gy) —» (B,gg) be a
submersion of generic submanifold of a para

Kenmotsu manifold M onto an almost contact metric
manifold B. Then we have

c/q<va = (pcﬂXV
forall X € T(H) and V € T(HY).
Proof. X is basic vector and for Y e T(H) veV €
r(HY) we get
9(ApxV,Y) = g(VyxV,Y) — g(VV,xV,Y)

Moreover, using g(VV(pXV, Y) =0andV lineer
connection we have

9(ApxV.Y) = g(VypX,Y).

Then for (4) we obtain
9(ApxV,Y) = g(VyX,Y).

On the other hand using (2) and (5) we have
9(ApxV,Y) = —=g(AxV, 9Y)

which complate proof.
Proposition 3.6. Let n: (M, gy) = (B,gg) be a
submersion of generic submanifold of a para
Kenmotsu manifold M onto an almost contact metric
manifold B. Then we have

CleX,9Y) = C(X,Y)
and

CX,pY) = =C(¢X,Y)
forall X,Y € T'(H).

Theorem 3.7. Let m:(M,gy) —» (B,gg) be a
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submersion of generic submanifold of a para
Kenmotsu manifold M onto an almost contact metric
manifold B. Then B is also a para Kenmotsu
manifold.

Proof. For any X,Y € I'(TM), using (15), we get

(V@)Y = gu(@X,Y)¢ — n(Y)pX

Applying m, to the above equation and using Lemma
2.1., (11) and definition of submersion, we derive

(V}}*(p’)Y* = gB((p’X*' Y*)f, - T]'(Y*)(p’X*

The above equation shows that B is a para Kenmotsu
manifold.

4, Curvature Relations
Firstly we determine P and P* holomorphic sectional
curvature, para Kenmotsu manifold M and almost
contact metric manifold B, respectively which
S(X,Y) = R(X, pX,Y, pY).
Using (7) and (13) we have
RX,0X,Z,¢Z) = R*(X., pX., Z,, 9Z,) +
9(C(X,2),C(pX, 9Z)) — g(C(9X,Z),C(X, 9Z)) +
g(h(X,92), h(9X,2)) + g(h(X, 2), h(pX, pZ)
(17)

Theorem 4.1. Let w: (M, gy) — (B, gg) bea
submersion of generic submanifold of a para
Kenmotsu manifold M onto an almost contact metric
manifold B. Then the bisectional curvature K and K *
of M and B,respectively satisfy
KW,X) = K*(W,, X,) + [[h(X, W) II?
+ [[h(X, W17

forall v X,W € I'(H).
Proof. Forall X, W e I'(H), we have

h(X, W) = h(pX,W) = @h(X, W)
Using Corollary 3.3. we get
2h(X, W) = 2¢C(X,W) + 2¢h(X, W)
> cx,w)y=0

Then, for (7) we have

RX, pX, W, W)
- R*(X*, (PX*; Wkl (ka)
+ g(h(X, W), —h(X, W)
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which complate proof.

Corollary.4.2.2. Let: (M, gy) = (B,gg) bea
submersion of generic submanifold of a para
Kenmotsu manifold M onto an almost contact metric
manifold B. Then holomorphic sectional curvature
P ve P*of M ve B respectively satisfy

SX) = $*(X.) + |h(X, eX)|I? + [IR(X, X)||?
forall X € T'(H).

5. Totally Geodesic Fibres

Definition 5.1. Let M be generic submanifold of para
Kenmotsu manifold M. Then M is called mixed
totally geodesic if h(X,V) = 0, forall X €
IF(H)and V € T(HY)

Theorem 5.2. Let: (M, gy) = (B,gg) bea
submersion of generic submanifold of a para
Kenmotsu manifold M onto an almost contact metric
manifold B. Then M is mixed totally geodesic if and
only if

ANV € T(HY)

forall V e T(HY) ve N € T(T1M).

Proof. Suppose that M is mixed totally geodesic. For
all X,Y e T(TM)ve N € T(TM%), using (4)-(6) we
have g(AyV,X) = 0. Then we conclude AyV €
r(HY).

On the other hand, for AyV € T(H+)and X € T'(H)
using (6) we get A(V,X) = 0 which complate proof.

Theorem 5.3. Let: (M, gy) = (B,gg) bea
submersion of generic submanifold of a para
Kenmotsu manifold M onto an almost contact metric
manifold B and v = 0. Then M is mixed totally
geodesic if fibers is totally geodesic submanifold of
M.

Proof. Let fibers are totally geodesic. Then for

all v e T(HY), X € T'(TM) we have 7, X = 0. Then
using (14) we get L(V, W) = 0.

Moreover for (16) we obtain H (AyV) = 0 or
ANV € T(HY).

Finally using theorem 5.2.. which complate proof.

Theorem 5.4. Letm: (M, gy) = (B,gg) bea
submersion of generic submanifold of a para
Kenmotsu manifold M onto an almost contact metric
manifold B with totally geodesic fibers. Then we
have

RX,V,Y, W) =—g((VyOX, V), W) +
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9(AxV, AyW) — g(h(X,Y), h(V,W))
forall X,Y € T(H) and V,W € T(H"Y).
Proof. Forall X,Y € T(H) and V,W € T(H"Y),
using (10) we get
R(V,X,Y,W) =
g((VxLYWV, W), Y) + g((Vy O X, V), W) +
g(AxV, Ay W) — g(Ty X, TyY) (18)

Then for (7) and (18) we have

RX,V,Y, W) =—g((VxL)(V,W),Y)
+9((VyOX, V), W)
— 9(AxV, AyW) — g(Ty X, TyY)
—g(h(X,W),h(V,Y))
On the other hand, since fibers are totally geodesic

References

[1] Blaga Adara, M., Invariant and holomorphic
distributions on para Kenmotsu manifolds, Ann.
Univ. Ferrara Sez. VII Sci. Mat. 61(2), (2015),
263-276.

[2] Cruceanu, V., Fortuny, P., & Gadea, P. M., A
survey on paracomplex geometry. Rocky
Mountain journal of mathematics, 26(1), 83-115,
1996.

[3] Deshmukh, S., Ali, S., Husain, S.I., Submersions
of CR-submanifolds of a Kaehler manifold,
Indian J. Pure Appl. Math., 19(12), (1988),1185—
1205.

[4] Dirik, S.Yildirim, U., Characterizations of
Contact Pseudo-Slant Submanifolds of a Para-
Kenmotsu Manifold. Journal of Amasya
University the Institute of Sciences and
Technology, 3(1), (2022), 49-59.

[6] Fatima T., Ali S., Submersion of generic
submanifolds of a Kaehler manifold, Arab J Math
Sci 20(1), (2014), 119-131.

[6] Kobayashi, S., Submersions of CR submanifolds,
Tohoku Math. J., 39(1), (19870),95-100.

[7] Matsumoto, K., Shahid, M.H., Mihai, I., Generic
submanifolds of certain almost contact manifolds,
Bull. Yamagata Univ. Natur. Sci., 13(3),
(1994),183-192.

[8] O’Neill, B., The fundamental equations of a
submersion, Michigan Math. J.,13,(1966),459-
469.

[9] Papaghiuc, N., Submersions of generic
submanifolds of a Sasakian manifold, An. Stiint.
Univ. Al I. Cuza lasi Sect. I a Mat., 35(3),
(1989), 281-288.

[10] Pastore, Anna Maria, Maria Falcitelli, and Stere
lanus. Riemannian submersions and related

Sari / Submersions of Generic Submanifolds of a Para Kenmotsu Manifold

Volume 11 (2), December 2022, pp 2141-2146

and theorem 5.3, we obtain
9@ X, TwY) = —g(X,L(V,VVyY)) = 0 and
h(X,V)=0
which complete proof.

Corollary 5.5. Letr: (M, gy) = (B,gg) bea
submersion of generic submanifold of a para
Kenmotsu manifold M onto an almost contact metric
manifold B. Let fibers are totally geodesic
submanifolds of M. Then we have

KX AV) =g(h(X, X),h(V,V)) — AV ||?

forall X,Y € T(H) and V,W € T(HY).

topics, World Scientific, 2004.

[11] Shahid, M. H., Al-Solamy, F. R., Jun, J,
Ahmad, M., Submersion of Generic Sub-

manifolds of Trans-Sasakian Manifold, Bull.
Malaysian Math. Sci. Soc.,36(1), (2013),63-71.

[12]Sinha, B.B., Srivastava, A.K., “Generic
submanifolds of a Para Kenmotsu manifold with
constant ®-holomorphic sectional curvature”,
Indian J. Pure Appl. Math., 23(11), (1992), 783-
789.

[13] Srivastava V., Pandey,P.N., Submersion of
generic submanifolds of contact manifolds,
Global J. Pure and App. Math.,13(9), (2017),
5213-5224.

[14] Srivastava V., Pandey,P.N., Submersion of
generic submanifolds of lorentzian para-Sasakian
manifolds, Int. J. Pure and App. Math., 120(1),
(2018),77-85.

[15] Unall., Generic submanifolds of lorentzian
Kenmotsu manifold, KMU Journal of Engineering
and Natural Sciences, 3(2), (2021), 79-85.

[16] Unali.,, Sari, R., A classification of para-
Kenmotsu space forms, Palestine Journal of
Mathematics, 10, (2021), 197-203.

[17] Verheyen, P., Generic submanifolds of Sasakian
manifold, Med. Wisk. Inst. K.U. Leuven,157, 1-
21, 1982.

[18] Yano, K.,Masahiro, K., generic submanifolds of
Sasakian manifolds, Kodai Math. J., 3,
(1980),163-196.

[19]Zamkovoy, S., Canonical connections on para
contact manifolds, Annals of Global Analisis and
Geometry, 36(1), (2009), 37-60.

2146



