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Abstract

The aim of this present paper is to study certain conditions for an invariant submanifold of a (x, u) —paracontact space.
We classify (x, 1) —paracontact space form satisfying the curvature conditions Wg - ¢ = 0, W, - = 0 and W, - Vo = 0.
Recently, we reach at these conditions are equivalentto ¢ = 0.
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1. Introduction

The geometry of submanifolds has grown rapidly in
current geometry as a result of its numerous
applications in practical mathematics. However, in
the theory of relativity, the concept of geodesics
plays a crucial role. Furthermore, rather than the
simplest submanifolds, totally geodesic submanifolds
are extremely significant in physical sciences.

S. Kaneyuki and F. Williams researched the
paracomplex analogs of almost contact structures and
D —homothetic  transformations as a special
conformal transformation and the behavior of the
Einstein condition under D —homothetic
transformations on a paracontact metric manifold
[22].

Also, M. Atceken et al. studied invariant semiparallel
and 2-semiparallel submanifolds in a normal
paracontact metric manifold. They established both
the required and sufficient requirements for the
submanifold to be totally geodesic [4]. K. Arslan et
al. introduced 2-semiparallel surfaces satisfying the
integrability condition of the differential system.
They did classification of non-totally geodesic and
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the notion of parahodge structures on manifolds.
They constructed new examples of paracomplex
manifolds and all simply connected parahermitian
symmetric coset spaces [9]. S. Zamkovoy studied the
properties of an almost paracontact metric manifold.
They searched conformal transformations of a
paracontact manifold i.e. transformations preserving
the paracontact structure. In addition, they defined

non-totally umbilical 2-semiparallel surfaces are
given a space form for two particular cases: surfaces
with a flat normal connection V+ and for pointwise
isotropic surfaces [1]. Many geometers, inspired by
these studies, studied invariant submanifolds of
various manifolds. [3],[2].

Motivated by the above studies, we search for an
invariant submanifold of a (x, u)-paracontact space.
In this paper, we investigate the conditions Wy - ¢ =
0, W,-0=0 and W,-Vo =0 for an invariant
submanifold of a (x, u) —paracontact space.
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2. Preliminaries

0.8cm A (2n + 1)-dimensional smooth manifold M is said to be a paracontact metric manifold if it admits a
(1,1)-type tensor field ¢, a unit vector field &, 1-form n, and a semi-Riemannian metric tensor g which satisfy
p?ay = a; —n(a)é, n(ay) = glag, ) (2.1)
; g(@aq, paz) = —g(ay, az) + nan(az), ne¢p =0, (2.2)
an
_ _ dn(ay, az) = g(ay, paz), _
for all a4, a; € ['(TM), where I'(T M) denote the set of the differentiable vector fields on M [16].

In a paracontact metric manifold (M, ¢,n, &, g), we define a (1,1)-type tensor field by h. One can
easily to see that h is a symmetric and satisfies
hé =0, h¢ =—¢ph and Trh=0. (2.3)
Moreover, for a (k, 1) —paracontact metric manifold M of dimensional (2n + 1) and for all a;, a, € T(T M),
we have

_ (val‘f’)“z = —g(ay — hay, a3)¢ + n(ay)(a; — hay), (2.4)
where V denotes the Riemannian connection with respect to g. From (2.4), taking instead of &
Valf = —¢a1 + ¢ha1, (25)

for all a; € I'(TM) [22].

A paracontact metric manifold M2"*1(¢,&,n,g) is said to be a (k,u)-space form if its the
Riemannian curvature tensor R satisfies

Iz(ap az)¢ = k{n(az)as —n(a)az} + p{n(az)ha; —n(a)has}, (2.6)
for all ay,a, € T(TM), where K, u are real constant [9]. The geometric structure of the (x, u)-paracontact
metric manifold varies with k < —1, k = —1, and k¥ > —1. In addition, for the cases k < —1 and k > —1,
(x, w)-nullity condition (2.6) entirely specifies the curvature tensor field [14].
In a (x, u)-paracontact metric manifold M2"*1(¢, &, 7, g), we have

S(ay, az) = [2(1 —n) + nulg(ay, az) + [2(n — 1) + ulg(haq, ay)

+[2(n = 1) + n(2x — W]n(a)n(az), (2.7)
S(ay,§) = 2nkn(ay), Q5 = 2nks, (2.8)
h? = (1 + k)¢?, (2.9)
QP — ¢Q = 2[2(n — 1) + u]ho, (2.10)
for all a,,a, € T'(TM), where S and Q denote the Ricci tensor and Ricci operator defined S(aq,@y) =

g(Qay, az).
On a semi-Riemannian manifold (M, g), for a (o, k)-type tensor field T and (0,2)-type tensor field A4,
(0, k + 2)-type tensor field Q (4, T) is defined as
QA T)(a11, A1z, -, A1p; @1, @z) = =T (a1 Ay X2) 11, A1z, -, A1)
—T(a11, (@1 Ny @)y, @y3, -, A1)

—T(ay1,Q12,---, (a1 Ay az)aq), (2.11)
forall @11, @19,..., A1k, a1, a, € T(TM), where
(a1 Ny az)agy = A(ag, ag1)ay — A(ay, aq1)as. (2.12)

The W, —curvature tensor and Wg —curvature tensor of a Riemannian manifold
M?"+1(¢p,&,m,g) are, respectively, given by
1
W7 (ay, az)az = R(ay, az)az — o [S(az, az)a; — g(az, az)Qay] (2.13)
and
1
We(ay, az)az = R(ay, az)az — n [S(az, az)ay — S(a1, az)as] (2.14)

forall ay,a,, as € T(TM)[15].
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3. Invariant Submanifolds of A (x, p)-Paracontact Metric Manifold

Now, let M be an immersed submanifold of a (k, u)-paracontact metric manifold
M2 (¢,&,1m,9), by V and V+, we denote the induced connections on T'(TM) and T'(T+M),
respectively. Then the Gauss and Weingarten formulas are, respectively, given by
Vo, a3 = Vg a; +0(ay, ay) (3.2)
and
Vo, tts = —Ag a; + Vg as, (3.2)
for all @y, a, € T(TM) and a5 € I'(T+M), where o and A are called the second fundamental form and shape
operator of M, respectively[3]. They are related by
g(o(ay, ), as) = g(Aasal,az).

If 'Wala = 0, then the submanifold is said to be parallel to the second fundamental form. The covariant
derivatives of o and Ag, are defined by,

(Vala)(az, as) = Véla(az, as) — U(Valaz’ as) — a(az,Va1a3), (3.3)

and
('VvalA)a‘L_)a2 = Vg, Aq a2 — AVfilas — Ag Vg, s (3.4)

For an immersed submanifold M of a (x, u)-paracontact metric manifold M2™*1(¢,n,&, g), M is said
to be invariant if the structure vector field ¢ is tangent to M at every point of M and ¢, is tangent to M for all
ay € I(TM) at every point on M, that is, ¢ (T, M) < T, M at each point a; € M. In the remainder of this
work, we shall assume that M is an invariant submanifold unless otherwise stated.

Lemma 3.1 Let M be an invariant submanifold of a (x, u)-paracontact metric manifold 2™+ (¢, 1, &, g).
Then the following relations hold.

Vo, & = —¢a; + phay (3.5
o(a,§) =0, (3.6)
o(day, az) = a(ay, paz) = po(ay, az), (3.7)

forall ¢y, a, € T'(TM).

Proof. Since the proof is a result of direct calculations.

Now, we will consider the curvature tensor W-, of (k, u)-paracontact metric manifold form for later use. From
(2.13) and (2.6), we have

W7 (&, az)as = R(§, az)az — %S(az'%)f + kg (az, a3)§

= ’:g(az' a3)é —n(az)az] + pg(hay, az)§ —n(as)ha,]

—5-5(az, a3)$ + kg (az, az)s. (38)
If we choose a; = € in (2.14), we get

Wy (§, az)as = R(E, az)as — 5-S(ag, a3)é + in(az)as

= ’fg(a—’z: az3)§ —n(az)az] + pg(haz, as)§ —n(az)ha,]

—5-5(az, a3)$ + Kn(az)as. (3.9)

Theorem 3.1 Let M be an invariant submanifold of a (k, y)-paracontact metric space form
M2 1(¢,n,&, g). Then M is a Wy semiparallel if and only if M is a totally geodesic submanifold provided

Kk =+/u?(1+ k).
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Proof. Suppose that M is a Wy semiparallel submanifold, that is,

Ws(ay,a3) -0 =0, (3.10)
means that,
RJ’(“L ay)o(az, a) —o(Wg(ay, az)as, a,) — o(az, We(ay, az)as) =0, (3.11)
for all a4, ay, a3, a4 € T(TM). For ay = £ in (3.11), we arrive
o(az, Wg(ay, az)é) = 0. (3.12)

Also, by using (3.9) in (3.12), we obtain

1
o(as, —kn(a)az +——S(ay, az)§ + un(az)hay) — un(a)haz) = 0. (3.13)
This reduces for a; = ¢,

ko(as, ay) + uo(az, hY) =0 (3.14)
If ha, is written instead of a, at (3.14) and using (2.9), we obtain
ko(as, hay) + po(az, h?ay) = ko(as, hay) + u(1 + k)o(as, ay) = 0. (3.15)

From (3.14) and (3.15), we conclude that
(1 +K) — k*)o(as az) = 0.
This proves our assertion.

Theorem 3.2 Let M be an invariant submanifold of a (k, u)-paracontact metric space form
M?"*1(¢,n,&, g). Then M is a W, semiparallel if and only if M is a totally geodesic submanifold provided
k2 —pu?(1+k) #0.

Proof. Assume that M is a W, semiparallel submanifold. It follows that,

W,(aq,a3) -0 =0, (3.16)
means that,
R*(ay, a3)0 (a3, ay) — o(Wy(ay, az)as, ay) — o(as, Wo(ay, az)a,) =0, (3.17)
forall a,,a,,as,a, € T'(TM). Using a, = & in (3.17), we get
o(as, Wo(ay, a3)é) = 0. (3.18)

Then from (3.8) to (3.18), we obtain

1
o(az, —kn(a)a; + ZU(“Z)Q% + un(az)hay — un(ai)hayz) = 0. (3.19)
This reduces for a; = &, we reach at

Ko (a3, ay) — uo(as, hay) = 0. (3.20)
Substituting a, by ha, in (3.20) and using (2.9), we have
Kka(as, hay) — po(as, h?ay) = ko(as, hay) — u(1 + K)o (as, az) = 0. (3.21)

From (3.20) and (3.21), we conclude that
(k? —p*(1+ K))o(as az) =0,
which proves our assertion.

Theorem 3.3 Let M be an invariant submanifold of a (k, u)-paracontact metric space form
M2"t1(p,n, &, g). Then M is a W, 2-semiparallel if and only if M is a totally geodesic submanifold provided
Kk #+ 0.

Proof. Let us suppose that M is a W, 2-semiparallel submanifold. Then, we have

(W;(ay, ax)Vo)(as, ay, as) = R (ay, “2)(Va30)(a4: as) — (VW7(a1,az)a3J)(a4' as)

_(Va30)(W7(0‘1:“2)“4: as) — (Va3a)(a4,W7(a1,a2)a5) =0, (3.22)
forall ay, ay, @3, ay, as € T'(TM). This statement is also true for a; = a, = &, that is,

R*(§,a2) (Ve 0) (€, a5) = (Vw,(g.a0)as0) (& as) — (Va, ) (W5 (&, az)¢, as)

—(V,0) (W (§, az)as) = 0. (3.23)
Now, let’s calculate each of these expressions.

R (&, a2){Vg,0(§, as) — 0(Ve,§ as) — 0(§,Va,a5)}
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= R*(§, a2){~0(Vq,$, a5)}
= Rl(f' ay){o(pas, as) — o(Pphas, as)}- (3.24)

(Vw, aa;0)(, as) = Vﬁ@(f,az)aﬂ(f' as) — 0(Vw,g.a)as$ Xs)

_U(VW7(E,a2)a3 as, E)

= —0(—pW;(§, az)az + dphW;(§, az)as, as). (3.25)
Also taking into account that (3.25), we obtain

(VW7($,a2)a30)(f' as) = a(pW;(§, az)as — phW;(§, az)as, as)

= kn(az){o(phay, as) — o(pa,, as)}

+un(az){(1 + K)o(payz, as) — o(Ppha,, as)}. (3.26)

(Va, o) (W7 (§, a2)§, as) = (Vq,0)(k(m(az)$ — az) — phaz), as)

= Kk(Vg,0)(n(a2)$, as) — k(Vq,0)(az, as)

_#(Va3 o) (hay, as)

= k{Vg,0(M(@2)¢, as) — (Vo n(@2)§, as) — 0 (Vg as,1m(a2)§)}

—K(Vg,0)(az, as) — p(Vg,0) (hay, as)

= —ko(Vg,n(a2)¢, as) — k(Vg,0)(az, as) — u(Vy,0)(hay, as)

= kn(az){o(¢pasz, as) — o(phas, as)}

—k(Vg,0)(az as) — u(Vq,0)(hay, as), (3.27)
and finally,

(Vay @) W7 (§, az)as) = Vg, a(§, W;(§, az)as) — a(§, Vo Wy (§, az)as)

—0(Vg,§ W7 (8, az)as)

= a(pas, W;(§, az)as) — a(phas, W7 (§, az)as)

= kn(as){o(phas, ay) — o(dpasz, a,)}

+un(as){o(Phas, hay) — o(pas, hay)}. (3.28)
Thus (3.28), (3.27), (3.26) and (3.24) statements set in (3.23), we arrive

RY(§, ay){o(pas, as) — a(dhas, as)} — kn(as){o(pha,, as)

—o(¢paz, as)} — un(az){(1 + K)o(paz, as) — o(phay, as)}

—kn(az){o(pas, as) — o(phas, as)} + k(Ve,0)(az, as)

1 (Ve,0) (hay, as) — kn(as){o(phas, az) — o(pas, az)}

—un(as){o(phas, hay) — o(¢pas, hay)} =0,
from which for ag = ¢,

k{o(pasz, az) — o(phas, az)} + pf{o(¢pas, hay) — o(phas, hay)} = 0. (3.29)

If ha, is written instead of a, in (3.29) and making use of (2.9), we obtain

k{o(¢pas, hay) — o(phas, hay)} + p{o(pas, h*ay) — a(phas, h*a,)}

= k{o(¢pasz, hay) — o(phas, hay)} + u(1 + K){o(Pas, az) — o(Phas, az)} = 0. (3.30)
From (3.29) and (3.30), we conclude that

W1+ K) — k*){o(das, a;) — a(phas, az)} = 0. (3.31)
Since u?(1 + k) — k? # 0, we get
U(¢a3,a2) - 0-(¢ha3, az) = 0 (332)
Here, if has is taken instead of a5 in (3.32) and by using (2.9), (2.1), we have
o(phasz, ay) — o(Pph’as, a,) = o(Pphas, ay) — (1 + kK)o (Pas, ay) = 0. (3.33)

(3.32) and (3.33) prove our assertion.

Conclusion 3.4 The results from this paper are as follows. Let be an (2n+1)-dimensional (k, p)-paracontact
manifold. In this case,
Wg is a semiparallel if and only if M is totally geodesic submanifold, provided
Kk =+u?(1+ k).
W, is a semiparallel if and only if M is totally geodesic submanifold , provided
k> —u?(1+k) #0.
W, is a 2-semiparallel if and only if M is totally geodesic submanifold , provided
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Kk # 0.

Other manifolds can be run under these conditions.
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